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1 Introduction 



After more than two decades, since the formulation of the supermembrane matrix model 
[U |2l [3], the existence of the zero-energy ground state of the theory, as well as its explicit 
construction, are still open issues. Any solution to this problem results in long-standing 
implications - if the normalizable state does not exist the theory is likely to be meaningless. 
However even in such worst case scenario it is still possible that the large iV limit results in 
the function that is still normalizable [I]. Therefore the supermembrane could make sense 
even though its regularization is ill defined. Clearly, the existence of the ground state of the 
model has important consequences not only for membranes but also for string theory due to 
the BFSS conjecture [5]. 

Although there are strong indications, based on the Witten index calculations [7] , that 
the ground state exists, the fact that the spectrum of the model is continuous [8l |9] makes the 
index ill-defined and hence cannot serve directly as a rigorous proof of the existence of the 
state (for a more detailed discussion see e.g. [TO]). 

There are however other techniques, not relying on the supersymmetric index, which make 
the proof accessible. A notable example of this kind is the deformation technique [TTJ [12] which 
was used in a different but related matrix model (corresponding to D0-D4 bound states). Other 
promising approach is based on the group averaging techniques - in particular in references 
JT3J H3] it was shown that the question about the existence of the ground state can be answered 
using a simpler model with two interacting matrices (while in the original model there are nine 
of them). Such tremendous simplification was possible due to the hidden octonionic structure 
of the model. 

In this paper, rather than focusing on the existence, we address the question about the 
explicit form of the ground state. Although its asymptotic form is very well studied [TSJ [TH] the 
corresponding behavior near the origin is still not known to a satisfactory degree. Performing 
the Taylor expansion of the ground state about X = 0, the 0th order term (i.e. the coordinate 
independent one) for the £77(2) model has been constructed explicitly [J7] and proven to be 
unique [TBI EES] which confirmed earlier symbolic results using Mathematica [20] ■ The 1st order 
term is now also available and turns out to be unique as well [21]. Because the zero-energy 
state satisfies (schematically) (dx + X 2 ) = 0, the 0th, the 1st and the 2nd order terms 
fix the higher order terms completely by an appropriate recurrence equation. It is therefore 
important to find the remaining 2nd order term. After summarizing notation and basic facts 
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in section 2 and 3, we shall determine that term explicitly in section 4. We find that there are 
two independent terms of this sort. Since explicit expressions of those states are lengthy, we 
give them in the Appendix. 

2 Preliminaries 

The supermembrane matrix model is a quantum mechanical system with M = 16 supersym- 
metries, SU(N) gauge invariance (in this paper we consider N = 2) and Spin(9) symmetry. 
The theory involves real bosonic variables Xf (the coordinates) and real fermionic ones 9 a a 
(Majorana spinors) with i = 1, . . . , 9, a = 1, . . . , 16 and a = 1, . . . , iV 2 — 1 - spatial, spinor and 
color indices respectively. The corresponding supercharges and the Hamiltonian of the model 
are 

Q a = Ti^P a l 9+ t -[X l ,X 3 }^9^ , {Q a ,Qp} = 25 aP H, (2.1) 

where 7* are 16 x 16 real, gamma matrices such that {7*, 7-'} = 25^1 and 7* J = ^[7*, 7"']. The 
Hilbert space consists of all the states \s) satisfying the singlet constraint 

G a \s) = 0, G a = f abc (X?P l c + t6 b Jl), (2.2) 

where P? denote the conjugate momenta i.e. [Xf, Pj] = i5ij5 ab , and f a b c are the structure 
constants of SU(N). The trace in (12. ip is over the SU(N) matrix given by Xi = XfT a , 
Pi = P^Ta and 9 a = 9®T a where T a 's are the basis elements of the group algebra. For more 
details of the model we refer to existing reviews in the literature [221 123] . 

Let denote the conjectured ground state i.e. a normalizable vector s.t. Q a = 0. It 
has been shown that must be SO(9) singlet [21]. When we expand \ip) in the coordinates 
Xf: 

m = \^+xfm+x^x^\^) + ... 

00 

= E^ 1 --- x tlC:.t> ) ( 2 - 3 ) 

n=0 

coordinate independent states l^ 1 ','^™), which are constructed by acting creation operators 
made of 9^ on the vacuum for those operators, play an important role. In our case of SU(2) 
gauge group, classification of the coordinate independent states by representations has been 
given in |19j . 
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Zero-energy state equation Q c 



m = 0,1,2 relating 
contain only one 1 0^" ) 



ai---l3n+m 



with 



can be decomposed into three independent sequences 
, while the first two of those equations 



( a l--- a 3(n+l) + m 
*l---*3(n+l) + m 



fo a m = o, 

7 il ^ 1 |C" 2 2 >=0, 

\x l ,x ] rx^...xt::::^e a 



^1 • • •l3n J rm 



2(3(n + 1) + m)Xf 2 . . . x^ 3{n+1)+m ^ il 9 ai 



, ai...a 3 ( n+1 ) +m 

*l---*3(n + l)+m / ' 



(2-4) 
(2.5) 

(2.6) 



where n = 0, 1, 2, . . . . The first three states |<; 
solving each sequence of equations order by order. 



if) and ^f^ 8 ) give the starting points for 



3 Oth and 1st Order Terms 



The unique candidate for \<p) which we denote here by \S), has been constructed in [T71 [2D] , 
and the unique candidate for |0f) which satisfies f)2.4p has also been constructed in [2T]. Thus 
we have the starting points for the sequences m = and 1. It turns out that the explicit 
expressions for these states are relatively simple if one works with states corresponding to 
irreducible representations of SO(9) of dimensions 44(symmetric-traceless representation), 
84(3-rank antisymmetric representation) and 128(vector-spinor representation) which we de- 
note here by \ij) a , \ijk) a and \ai) a respectively^. The state \ai) a is Grassmann odd, and 
satisfies the Rarita-Schwinger constraint (Y)/3 a \oti) a = 0. Actions of 6 a on these states are 
given by 

1 



K \ij) b 



where [ijk] denotes antisymmetrization of indices with the factor 1/3 [j For the Oth order 
term one finds that [32] 

\<f>) = a \S), (3.4) 



(3.1) 
(3.2) 

(3.3) 



*Note the subscript a corresponding to the color index - a generic state for SU(2) will have the form 

IAI£> 2 |C) 3 . 

^For the definition of states \ij) a , \ijk) a and \oci) a we use conventions of |21j which differ from the conven- 
tions of |17j by normalization factors. 
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|5>:=~ll|l>+ll|l>. (3-5) 



13 



44 844 
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1) := \ik) 1 \jk) 2 \ij)^ (3.6) 
||1) := |yA;)i|ZjA;)2|iZ>3 + |ZjA:>i|27) 2 |ijA;) 3 + |z7) 1 |yA;)2|ZjA;) 3 . (3.7) 

844 

The overall factor ao cannot be determined by the condition Q a = - the only remaining 
constraint is the norm = 1 which should be used to fix «o- For the 1st order term a 

similar expression is more complicated however as it turns out it can be written in an elegant 
form when using |5). One finds that (21] 



|0l)=ai/ o6 Af0c|S'}, (3.8) 

where ot\ is determined again by = 1. 

The above result suggests a possibility that all the states | ^I'.'.t^ ) °f the Taylor expansion of 
l^) can be obtained as fairly simple expressions containing fermionic operators 0°, contracted 
with gamma matrices and 577(2) invariant tensors, acting on IS"). This assertion, if true, 
implies that there exist a gauge invariant and 5*0(9) invariant function f(X, 9) such that the 
ground state of the supermembrane can be written as 

\^) = f(X,9)\S). (3.9) 

In the following section we shall confirm that conjecture giving an explicit expression for the 
second order terms. 



4 Construction of 2nd Order Terms 

To give the starting point for m = 2 satisfying ( 12. 5p . we construct all the candidates for \<f>ij) 
first. For the construction the table of representations in the coordinate independent state 
space (Table 1) given in [H] is quite useful. From the table we will see that there are five 
candidate representations 

5 ab 5 ij \S), 5 ab \<p lj ), 

Moreover the table tells us that there are two independent solutions to ( I2.5p . and indeed we 
will find that two linear combinations of the above five representations satisfy (|2.5p . We now 
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explain the details of these states and solutions: |</>' a J fe ), which satisfies 0^,) = j^), can be 
decomposed into the following five irreducible representations of SU(2) x SO(9): 

(t,t) : \4%) 

M) : \^ b) ) -\t ab \<P k cc) 
( P[ab] l 



(a, a) : 

where t, s, and a mean trace (i.e. singlet), symmetric-traceless, and antisymmetric respectively. 
For example, (t, s) stands for (S77(2) singlet) x (SO (9) symmetic-traceless) representation, (ij) 
and (ab) are symmetrization of indices, and [ij] and [ab] are antisymmetization. 

For SU(2), t,a, and s correspond to spin 0, 1, and 2 representations respectively. For 
SO(9), t,a, and s correspond to Dynkin labels [0000], [0100], and [2000] in Table 1 in [19] 
respectively. Then the table tells us that in the coordinate independent state space, 

(i) there is only one (t, t) representation (and therefore proportional to \S)). 

(ii) there is only one (t, s) representation. 

(iii) there is no (s, t) representation. 

(iv) there are two (s, s) representations. 

(v) there is only one (a, a) representation. 

We have to construct all of these representations explicitly to determine |0' a J fe ). 

4.1 Construction of (t,t), (t, s), (a,a), and (s, s) Representations 

Candidates for most of the above states are given by appropriately symmetrizing, anti- 
symmetrizing, or contracting indices in O l a 3 b \S) and subtracting trace part, where % a := 



(t,t) : 5 ab 5^0 k c O k c \S) 

9 



(M) : 5 ab \^):=5 ab [0^-\^O k O k ]\S) 
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(s,t) : 5 i3 [O k a O k b) - ^S ab O k O k ] \S) 

(*, s) : \<j> (2) %) := [ogog - l ~8 ij O\ a O% - \5 ab 0^0? + ±6 ab ^O k O k ] \S) 
(a, a) : |0 (1) «> := 0*0% \S) . 

By straightforward calculation using (I3.ip - fl3.3l) the followings can be shown: 

0\0\ \S) = -1440 \S), (4.1) 
[0\ a O k b) - l -5 ab O k O k ] \S) = 0, (4.2) 

as is indicated by the table in [19]. Therefore \<p lJ ) and 0(2)^) can be simplified: 



v) = [ofO$ + 1605 ij ]\S), (4.3) 
1 



13 ) = [Ol0 3 b ]-^ ab O^]\S). (4.4) 



There should be another (s, s) representation, and it will be denoted by 0(3)a 6 )- Before 
constructing |0(3)^,), we give explicit expressions of , 0(1)^,), and 0(2)a&)- This needs 
tedious calculation, and we have done it by using Mathematica and the package for 7-matrix 
algebra GAMMA [25]. 

First, the explicit expression of O^JD^ \S) is given by the following: 

li 41 ,ir896 448 1 
Ol Oy \S) = S J y \kl) 1 \lm) 2 \mk) 3 |fci)l \ kmn) 2 \lmn) 3 - 80 \ kmn) 1 \kl) 2 \lmn) 3 - 80 |fcmn) 1 \lmn) 2 ]kl) 3 J 



1 r 1 160 r 1 

-— [1184 \kl) 2 \kl) 3 + 896 |fc;)i l»J>2 l fc 3 + 896 \kl} 1 \kl) 2 \ij) 3 \ + — |_|fe(*>i |j")0 2 l«>3 + l fc (>>l l fc 2 |j)«> 3 J 

3584 384 1104 r i 
|fc!)l \k(i) 2 |j)i>3 + -JJ- Ki)l | fcZm) 2 |fcim> 3 — - ^ |/s(i)j |j)im) 2 \klm) 3 + |fc(i) 1 |fc!m) 2 |j)!m> 3 J 

+ 16^ \kl(i} 1 |j)'">2 |fc(m> 3 + |fc((i>i \klm) 2 \j)m) 3 J + 128 [ |feim> 1 |m(i> 2 \j)kl) 3 + \klm} 1 \lm(i) 2 \j)k) 3 j 
+ 96[|fcm(i) 1 |fci> 2 \lmj)) 3 + \km(i) 1 ]j)im> 2 |fei> 3 ] - e fc l ' ' ' fc 8 ( ; [ |fc 1 fe 2 fe 3 ) 1 |fe 4 fc SJ )> 2 fc 6 fc 7 fc s } 3 + \k 1 k 2 k 3 ) 1 \k 4 k 5 k 6 ) 2 \k 7 k s j)) 3 ], (4.5) 

°(1°2) l S > = [ 288 (T fc(i ) Q /j( I«J')>1 IW 2 l fc 3 + l«)>2 l fei >3 ) 

+4448(7 fc< *) Q ^ M>i l/30 2 l fc j)>3 + 10H2( |a(i>! |afc} 2 \kj)) 3 - |afe)i |a(i> 2 |j)fc) 3 )] 
+ — [904( 7 fci ( i ) Q/3 (| c «i)> 1 |/3m> 2 |fc(m> 3 + lamd |/3j)> 2 |fcim> 3 ) - 5552( 7 fc ) Q|3 ( | a (i) 1 \pi} 2 \Mj)} 3 - \al) 1 |/3(i> 2 \klj)) 3 ) 
-15205 13 ( 7 fc ) Q(3 \al) 1 \/3m) 2 \klm) 3 ~ 120<5* J ( 1 klm ) Q(3 Ian)! |/3n) 2 |fcim> 3 
- 656( 7 fcim ) Q( 3 !«(»>! l/3j)> 2 |fcim> 3 - 1040( 7 (, W \<xk) x l/9i>2 l fc; j)>3 + 1736( 7 fc,<l ) a l/3™>2 l«J')) 3 ]. (4-6) 



Of |5) = Of Of \S) , (4.7) 

*l>ll*2> 2 l*3)3^l*l)2l*2> 3 l*3>i 



6 



0*0$ \S) = 0^0{> \S) , (4.8) 

I*l>ll*2) 2 |*3>3-^|*1> 3 |*2> 1 |*3>2 

0%0 3 3 ] \S) = OM \S) , (4.9) 

V ' K ' l*l>ll*2> 2 l*3>3^l*l> 2 l*2>3l*3>l 

0%0^ \S) = |5> . (4.10) 

|*l>ll*2) 2 |*3>3-*-|*l> 3 |*2> 1 |*3>2 

In the above, (i . . .j) just means symmetrization of only % and j, and does not symmetrize 
indices between i and j. For example, 

(l kl{l U Mi l^) 2 l*y)> 3 = 5 [(7 W %/» Ion)! |/3n) 2 |fcy) 3 + ( 7 ^) Q/3 (an), |/3n> 2 |«i> 3 ] . 

(4.11) 

We need the following identity to obtain the above expression of Ofo^ \S): 

= e kl - kal ( \k 1 k 2 j) 1 \hk 4 k 5 ) 2 \k % k 7 k 8 ) 3 - \k 1 k 2 k 3 ) 1 \hhj) 2 \k e k 7 k 8 ) 3 
+ \hk 2 k 3 ) 1 \k A k b k & ) 2 \k 7 k 8 j) 3 ) 

~S ij e kl - kB \k l k 2 k 3 ) 1 \hk 5 k 6 ) 2 \k 7 k 8 k 9 ) 3 , (4.12) 
which can be shown by using \jkik 2 ) 1 = _i_^ e i fc i fc 2«4..i9 e h...«9 J/^^. 

From the above expression of O^Ol] \S), we obtain |0^') and 1 0(2)11). Explicit expression 
of 1 0(i) oft) is also obtained by straightforward calculation, and all of those explicit expressions 
are summarized in the Appendix. 

4.2 Another (s, s) Representation 

Now we have (t,t),(t,s),(a,a), and one of (s,s) representations explicitly. Then the only 
missing one is the other (s, s) state 1 0(3) oft)- Let us try to construct this representation as states 
made by acting 0's on \S), although it is not clear at present if every state can be constructed 
in this way. First, let us consider classifying this kind of states with two symmetrized SU(2) 
adjoint indices by the number of 0's on \S). In the case of two 0's, 9 a rf j 9 b \S) and 9 a y jk 9 b \S) 
are possible. However it is impossible to give two symmetrized 5*0(9) vector indices to these 
states. This is the reason why we did not start with states with two #'s in the previous 
subsection. In the case of four 6>'s, two of four adjoint indices of 0's are contracted, and 
by Fierz transformation those contracted indices can be put into the same fermion bilinear. 
The Fierz transformation may give additional terms which come from the anticommutation 
relation of 0's and have two 0's. We concentrate on terms with four 0's. Then the possible 
states are 

[9 a f j 9 b ] {9 c ~f kl 9 c ] I S) , [9 a Y jk 9 b ] [9 c Y m 9 c ] | S) , 
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[9 a f j 9 b ] [0 c 7 Mm c ] \S) , [9 a -f ijk 9 b } [9 c j lmn 9 c ] \S) . (4.13) 

Note that 9 c <y kl 9 c is an SO(9) generator, which annihilates \S). So the first two states vanish. 
If we consider states with two symmetrized SO (9) vector indices, \9 a ^ kl ^' l 9 b ]\9 c ^ kl 9 c ] \S) is the 
only possibility. So |0(2)a&) must be proportional to this state (plus terms with less 0's and 
terms for subtracting the trace part), and indeed is proportional as can be seen from 

\<j> {2) %) = -A[6 a ^6 c }[e b ^e c ] \S) + (terms with two 0's) 

+ (terms proportional to 5 ab ), (4-14) 

and the following Fierz transformation: 

[flV^pyV] |s> = --J_[^ 7 (< 7 -i-»y)^][r 7miroa r]|5> 

1 r7 ( TIm2m3f )^ ][r7mlm2m3r] l 5) 



16-6 

+ (terms with two 0's) 
= - [9 a -f kl(i 9 b ] [9 c -f j)kl 9 c ] | S) 

+ (terms with two 0's) + (terms proportional to 5 tj ). (4.15) 

This shows that using four 0's we can construct no more (s, s) representation. Next we 
consider six 9 case. By Fierz transformation SU(2) adjoint indices are arranged so that we 
have two bilinears with SU (2) indices contracted within each of them, and one bilinear with 
two symmetrized free indices. For example, 

M4> := [0 a lKM0 c l l) n 2 n 3 e c }[9 d 1 nin2n3 e d ] \S) (4.16) 

is the only state with two symmetrized 5*0(9) vector indices, and its traceless part \<t>{i)ab) 
may give another (s, s) representation. Explicitly, 

, n \ 6144 ,-„• 3072 , 

K(3)H) = |fc °l |Im> 2 l mfc >3 + 21504 \kl) 2 \kl) 3 + —(\kl) 1 \ij) 2 \kl) 3 + |fci>i \kl) 2 \ij) 3 ) 

16384 , , 60416 , 

H < l fci >l l«>2 l fci >3 + |fcj>l |li>2 l fci >3 + l fcl >l l fci >2 lb> 3 + |fcj>i |fc0 2 l«> 3 ) - ^-(l fei >l \ki) 2 \lj) 3 + \kl) 1 |fcj> 2 |H> 3 ) 

52224 • ■ 24576 u 135168 
H S J f \kmn) 1 Zmn) 2 \kl) 3 + |imn) 1 |fci)2 \kmn) 3 } H <5 J \kl) 1 |fcmn) 2 |imn) 3 — klm) 2 klm) 3 

12288 

H — ( klm) 1 ij) 2 |fcim) 3 + |fcim) 1 \klm) 2 + |fc£ro) \lmi) 2 \kj) 3 + fcZm) 1 \lmj) 2 \ki) 3 + |fcZm) 1 mi) 2 \klj) 3 + klm) 1 mj) 2 kit) 3 ) 

— 12288 ( |fcmi) 1 \lmj) 2 \kl) 3 + |fcmj) 1 \lmi) 2 \kl) 3 + |2m) 2 | fcTTtj ) 3 + |fcZj) 1 |/m) 2 \kmi) 3 ) — 3072 ( |fcZ) 1 \kmi) 2 \lmj) 3 + 1 \kmj) 2 \lmi) 3 ) 

87552 

( |fc/i) 1 |fcim) 2 |mj) 3 + Ifc^')^^ |fcim) 2 |mi) 3 + | fci-i) 1 \mj) 2 \klm) 3 + \mi) 2 \klm) 3 ) 

( |Zmj) 2 |fcZm) 3 + l^ m *)2 l^^ m )3 "t" \klm) 2 \lmj) 3 + |fcim) 2 |imi) 3 ), (4.17) 



13 
35328 
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\<t>\3)%) = -^[(V**)*/! I«J>1 IW2 l«>3 + (7 fcj ') Q/ 3 IW2 l«>3 + (l kZ )c,0 M>1 l«>2 l*I>3 + (7 W )e.j3 M>1 IWa l«> 3 ] 

_ 128000 [ (7 W )ag | q;)i ^ | W>a + ( 7 fcj )cv(3 | Qi)l | (9! ) 2 | fci ) 3 ] 

204800 

+ — — — [ \ak) 1 \ai) 2 \kj) 3 + \ak) 1 \aj) 2 \ki) 3 - |ai)j |afe>2 IW> 3 - \ock} 2 \ki) 3 \ 

512 48128 
-— — v / 3i* J (7 "Jag I«">1 \Pn) 2 \klm) 3 + i' 3 (7 ) af) \ al) 1 |/3m) 2 | Hm) 3 

13 

- 3g [(7 fc '*)ai3 l a J')l I/ 9 " 1 ) 2 l fcim } 3 + (l kl3 )al3 ]/?™) 2 l feim >3 + (T fc,i )c«3 lam)! |/3j) 2 |fcim> 3 + (7 fc,J ) a(3 lamjj |0i) 2 |fc!m) 3 ] 

8704 12032 
+ ^j=(l klm ) a f 3 [Wi) 1 \Bi) 2 \klm) 3 + |aj>! \Pi) 2 \klm) 3 ] + -_-;=. [( 7 fcH ) aj3 lam)! |/3m> 2 |fc!j> 3 + (l k ' j ) af 3 |/3m) 2 |fc!i> 3 ] 

9728 r , 4 , 37376 k 

-■^=[h")c,e !<**>! IW2 |fciJ>3 + (7 J ) Q ^ |afc)i IW2 |W<) 3 ] + ^=(7 ) aj a [M>1 l/">2 I fc ' J > 3 + 1 °= ' > 1 l«>2 l*«>a-l«*>l IW2 |feiJ>3 — l«J"> 1 1/302 l*K> 3 ]> 



(4.18) 



0(3) 22) = 


0(3) 11 > 


0(3) 33) = 


0(3)?l) 


0(3)23) = 


0(3)14) 


0(3) 3l) = 


1 0(3) 12) 



*l> 1 |*2> 2 |*3>3^l*l>2l*2> 3 l*3>i 
*X> L |*2> 2 |*3> 3 — >|*l) 3 |*2>]_|*3> 2 
1*2)2 I*3) 3 ->|*1>2 1*2)3 1*3>1 
l*l>ll*2> 2 |*3> 3 — >I*1> 3 I*2> 1 |*3> 2 



(4.19) 
(4.20) 

(4.21) 
(4.22) 



Unlike |0(2)u), 



>(3)11 



does not have terms in the form of 1^1^2^3)1 (^4^5^6)2 1^7^8^9)3- This 
shows that |0(2)a&) and 0(3)^,) are independent of each other. 

Noting that 9 a Yn 1 9 a is an 50(9) generator, we obtain 

W(3)l) = 72[r7 (i n2n 3 e1[eV )n2 " 3 ^l^)-8^[r7n 1 n2„ 3 ^1[^V in2n3 ^]|5')- (4-23) 



This shows that 



li a 

\3)aa 



0, and therefore 



u a 

\3)ab 



is in (s,t) representation. However there 



is no (s,t) representation in the table in [19] . This means 



expression of 



^(3)06/ = 0- The above explicit 



indeed satisfies this, and the traceless part 



a b ) is defined by 



1) ■= |0(3)S) - V 



(4.24) 



^(3)o6/- 



( 3 )aa) gives a (i,s) repre- 



Let us make another check on the above expression of 
sentation, and since this representation must be unique, this must be proportional to |0 y ). 
Indeed, 

|0(3)i> = -288|^). (4.25) 
Explicit expression of 0(3)„&) is given in the Appendix. 



4.3 Solutions to Schrodinger equation 



Next we construct solutions to zero-energy Schrodinger equation {^ % 9 a ) a = 0. The left 
hand side of this equation has one vector index and one spinor index of SO(9), and one adjoint 
index of SU(2). This SO (9) representation can be decomposed into a vector-spinor(128) 
and a spinor(16) representation. According to the table in [19] there is a unique spinor 
representation, and there are two independent vector-spinor representations. Therefore this 
equation can be decomposed into three equations for those three representations. | * s 
given as a linear combination of five states we have constructed: 

\4>%) = Cl 5 ab ^ \S) + c 2 5 ab \<p) + c 3 |0 (1) «> + c 4 |0 (2) ii) + c 5 10 (3 )^> , (4.26) 

and three of those five coefficients q can be determined. This means that we have two 
independent solutions to the Schrodinger equation. 

First we show c\ = with a shorter calculation: Since (7 J V# Q % = @a l&ab) + 

(j ji 9 a ) a \<f>%), Three of five states \(f) ij ), \4>(2)Z), and |0( 3 )J 6 ) do not contribute to (^ j f9 a ) Q 
By straightforward calculation we see that l^(i)^,) also does not contribute to it. Therefore 
(l J Y0 a ) a = gives ci = 0. 

Then we deal with ("f l 9 a ) a \4^ab) = ® directly. The coefficients of independent states in 
explicit expression of (Y9 a ) a | must give only two independent equations for q. There are 
more than 40 independent states in ("f % 9 a ) a 0^ 6 ), and we have checked that all of them reduce 
to the following two equations: 

7 31 
c 2 = — c 4 + 240c 5 , c 3 = — c 4 - 96c 5 . (4.27) 

Then we obtain two independent solutions: 



7 31 

^l^) + 30 (4-28) 
24O^|^>-96|0 (1) ^> + |0 (3 )^>. (4.29) 



5 Discussion 



Zero-energy states of supersymmetric models can often be found explicitly due to the fact that 
they satisfy first order differential equations. It is clear however that for M = 16 supermem- 
brane matrix model this simplification is not enough to find the corresponding wave-function 
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- it seems not likely that one can just guess the form of the state. For this reason the Taylor 
expansion approach initiated in [T7] is a natural step forward. The 2nd order terms, deter- 
mined in this paper, together with the Oth [T7] and the 1st [2T] order ones complete the initial 
conditions needed to solve the recurrence relation (12. 6p for all higher terms. It is therefore a 
crucial step towards finding the ground state by this method. 

We conjecture that the ground state can be written in terms of variables X and 9 acting 
on \S) as in (13. 9p . This statement is true for the Oth, 1st and the 2nd order terms and since 
they provide the initial conditions for the recurrence relation (I2.6P it is very likely that is holds 
for all other terms. 
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Appendix: Summary of Results 



In this appendix we give a summary of explicit expressions of 0(2)a&)) and 



abJ 



[0?0? + 1605°'] \S) 

i [ - 992(1^ \kl) 2 \kl} 3 + Ikl), \ij} 2 \kl} 3 + Ikl), \kl) 2 \ij) 3 ) 
+96( \ki), \lj) 2 \kl) 3 + \kl) 2 \ki) 3 + \kl), \ki) 2 \lj) 3 
+ \kj), \li) 2 \kl) 3 + \li) x \kl) 2 \kj) 3 + \kl) x \kj) 2 \li) 3 ) 
-m8 ij \kl) 1 \lm) 2 \mk) 3 

— 448(5*-' ( \kmn) l \lmn) 2 \kl) 3 + \lmn) 1 \kl) 2 \kmn) 3 + \kl) 1 \kmn) 2 \lmn) 3 ) 
+384( \klm) 1 \klm) 2 \ij) 3 + \klm) 1 \ij) 2 \klm) 3 + \klm) 2 \klm) 3 
+ \ki) l \klm) 2 \lmj) 3 + \klj) l \mi) 2 \klm) 3 + \klm) l \lmj) 2 \ki) 3 
+ \kj) 1 \klm) 2 \lmi) 3 + \kli) 1 \mj) 2 \klm) 3 + \klm) 1 \lmi) 2 \kj) 3 
+ Iki)-^ \lmj) 2 \klm) 3 + \klm) l \mi) 2 \klj) 3 + \klj) 1 \klm) 2 \mi) 3 
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+ \kj) 1 \lmi) 2 \klm) 3 + \klm) 1 \mj) 2 \kli) 3 + \kli) 1 \klm) 2 \mj) 3 ) 

+1248( \kmi) l \lmj) 2 \kl) 3 + \lmj) 1 \kl) 2 \kmi) 3 + \kl) l \kmi) 2 \lmj) 3 

+ \kmj) 1 \lmi) 2 \kl) 3 + \lmi) 1 \kl) 2 \kmj) 3 + \kl) 1 \kmj) 2 \lmi) 3 ) . (A.l) 



(A.2) 



k(l)?2> 



160 
~9~ 



(^Mla^l |/3/>2 l*'>3 -I«0ll^']>2 l*0s) 



-112 



+v / 3[— (7 H[ %/3( laj])! |/3m) 2 |Wm> 3 - (am), |/3j]) 2 \klm) 3 ) 

laWj |/3/) 2 \klj])s + |aZ>i lfli>2 l^1> 3 ) 
+^b kij )ap\al) 1 \f3m) 2 \klm) 3 

40 / klmij 

81 W 



)aj8 |cm)i |/3n) 2 |fcZm) 3 



+ 



272 



T ( 1 klm U\a\i) 1 \flj})2\klrn) 3 
416 

+— (t*)«/9 |a'>i l/5/> 2 |fcij> £ 



1 0(1)23 > = 
k(l)3l) = 



27 

1 0(i) 12) 



1^(1) 12 ) 



|*1> 1 |*2) 2 |*3>3->|*1> 2 I*2> 3 |*3> 1 
l*l)i|*2>2l*3>3^|*l> 3 |*2>i|*3>2 



(A.3) 
(A.4) 

(A.5) 
(A.6) 



|0(2)n> 



32 



13 



( |«> 1 |«> 2 |y> 3 + |y> 2 |«> 3 - 2 lij), |«> 2 \kl) 3 ) 



944 



( \ij) 2 \ki) 3 + \kj), \ki) 2 \u) 3 - 2 |/i> 2 \kj), 



gg \ IV/Z r"/j 1 \--J I I \--~ I Z \" 16 I / 1 \~ ~ f 'Z \'"J/3 

\kj), \li) 2 \kl) 3 + \ki), \kl) 2 \lj) 3 - 2 Ikl), \lj) 2 \ki) 3 ) 
592 

5 lJ ( \klm) 1 \lmn) 2 \kn) 3 + \klm) 1 \mn) 2 \kln) 3 — 2 \kl) 1 \lmn) 2 \kmn) 3 ) 



39 
126 



13 



( \klm) 1 \klm) 2 \ij) 3 + \klm) 1 \ij) 2 \klm) 3 — 2 \klm) 2 \klm) 3 ^j 



+16( |A;Zi) 1 \kmj) 2 \lm) 3 + \klj) 1 \lm) 2 \kmi) 3 — 2 \kl) 1 \lmi) 2 \kmj) 3 
+ \klj) 1 \kmi) 2 \lm) 3 + \kli) 1 \lm) 2 \kmj) 3 — 2 \kl) 1 \lmj) 2 \kmi) 3 ) 



704 



( \klm) l \lmi) 2 \kj) 3 + \klm) 1 \lmj) 2 \ki), 
+ \klm) 1 \mi) 2 \klj) 3 + \klm) 1 \mj) 2 \kli) 3 ) 



13 



12 



1 0(2) 12 ) 



24 

-J^(\ kli )i \klm) 2 \mj) 3 + \klj) 1 \klm) 2 \mi) 3 
+ \kli) 1 \mj) 2 \klm) 3 + \klj) 1 \mi) 2 \klm) 3 ) 

— jj( |imj) 2 |^M 3 + 1^)1 l /mi )2 |A;Zm) 3 
-|— I A;i) x \klm) 2 \lmj) 3 + | ) 1 \klm) 2 \lmi) 3 ) 



\k 1 k 2 k 3 ) 1 \k 4 k 5 j) 2 \k 6 k 7 k 8 ) 



3V3^ ,..x.....o /ll .^. w/2l .,..,.. 8 ,3 

^1*2*3*4*5*6*7*^ | fcl fc 2 A;3) 1 \hk 5 l) 2 \k 6 k 7 k 8 ) 3 

+e fclfc2fe3fc4fc5fc6fc7fc8i Ifcifefca)! |A; 4 A: 5 A; 6 > 2 \k 7 k 8 j) 3 
+e kik2k 3 k 4 k 5 k 6 k 7 k SJ \ klk2k3 ) i \k A k 5 k 6 ) 2 \k 7 k 8 i) 3 ), 

~35l [ 288 (7 fc(l )^( 1^)2 l«>3 + M>1 l#)>2 l*Os) 

+4448(7^)^ |«0il/30 2 l^')) 3 
+10112(1^)! |afc) 2 |Ay)) 3 - K)i |a(i) 2 L?» 3 ) 



v5 

351 



904( 7 fci(l )^( \aj)) x |/3m) 2 \klm) 3 + jam), |/3j)) 2 |Wm) 3 ) 



-5552( 7 fc )^( la^j |/W> 2 |W)>3 " M>i IW)> 3 ) 
-1520^'(7 fe )^ |/3m) 2 |jfeZm) 3 
-120<J ij '(7 Wm )a i 8 I cm)! |/3n) 2 |Mm) 3 



(A.7) 





-656( 7 Mm )^|aW 1 |/3j)) 2 |A;/m)3 






-1040( 7 (l )^|aA;) 1 |/3/) 2 |A;/j))3 






+ 1736( 7 fci(i ) Q/ 3|«n) 1 |/3n) 2 |A;/j)) 3 " 


(A.8) 


|0(2) 22 ) 


= |0(2)n> 


l*i)i 1*2)2 1*3)3^1*1)2 1*2)31*3)1' 


(A.9) 


0(2) 33 ) 


= |0(2)n> 


|*1> 1 |*2) 2 I*3> 3 — >|*l> 3 |*2> 1 1*3> 2 ' 


(A.10) 


0(2) 23 ) 


= |0(2)f2> 


l*l)ll*2>2l*3>3-H*l>2l*2) 3 |*3)i' 


(A.H) 


|0(2)3l) 


= |0(2)f2> 


|*l)ll*2> 2 |*3>3->|*l> 3 |*2)i|*3)2 


(A.12) 



|0(3)^> == W4> " ^ ■ 



(A.13) 



|0(3)n> 



92160 

13— (l fcZ >l IV>2 l*'>3 + I«>1 l«>2 IV>3 " 2 IV>1 l*'>2 |«>3 ) 

2^699 

+ ^g-( |y> 2 l«>3 + l«> 2 l«>8 - 2 l«>2 l^')3 
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+ \kj), \li) 2 \kl) 3 + \ki), \kl) 2 \lj) 3 - 2 \kl), \lj) 2 \ki) 3 ) 
9216 

+ ^ \klm) l \lmn) 2 \kn) 3 + \klm) 1 \mn) 2 \kln) 3 — 2 \kl) 1 \lmn) 2 \kmn) 3 ) 
+3072( \kli) l \lmj) 2 \km) 3 + \klj) 1 \km) 2 \lmi) 3 — 2 \kl) 1 \lmi) 2 \kmj) 3 
+ \klj) 1 \lmi) 2 \km) 3 + \kli) 1 \km) 2 \lmj) 3 — 2\kl) l \lmj) 2 \kmi) 3 ) 



49152 



\ — — — ( \klm) 1 \klm) 2 \ij) 3 + \klm) 1 \ij) 2 \klm) 3 — 2 \klm) 2 \klm) 

-Lo 



3 



+ \klm) 1 \lmi) 2 \kj) 3 + \klm) 1 \lmj) 2 \ki) 3 

+ \klm) 1 \mi) 2 \klj) 3 + \klm) 1 \mj) 2 \kli) 3 ) 
50688 

( \kli) l \klm) 2 \mj) 3 + \klj) 1 \klm) 2 \mi) 3 



+—— ( \ki) 1 \lmj) 2 \klm) 3 + \kj) 1 \lmi) 2 \klm) 3 



13 

+ \kli) 1 \mj) 2 \klm) 3 + \klj) 1 \mi) 2 |/c/m) 3 ) 
1536 
T3~ 

+ \ki) 1 \klm) 2 \lmj) 3 + \kj) 1 \klm) 2 \lmi) 3 ), (A. 14) 

^ [{l kl U 1^)2 Ms + tf*U l«<>i 1^)2 |W> 3 
+(7*%/, M>i |#> 2 l«>s + ^ k3 U l«0i 1^)2 l«> 3 ] 
-^^[(7 fc %/3 |«0i l^> 2 l*J>3 + (^U l^> 2 l«> 3 ] 

+ ^^>>^>3 + \ak) M ) 2 |*>, 

- |afc) 2 \kj) 3 - laj')! |afc> 2 |fci) 3 ] 
512 

-^V3>( 7 Wm ) Q/ 3 (an), |/3n) 2 |fcZm> 3 
48128 

+ ^-y|^'(7 fc )a/3 1/^2 |M™>3 

-|^=[(7 Hi W |/3m) 2 |fcZm) 3 + (^ klj U \ai) l |/3m) 2 |fcZm) 3 

+ (7 M %/3 |/?j) 2 + (7 Mj )a/3 |/^> 2 |^"l) 3 ] 

8704 

+^(7 fcim ) a 4l^)i l^')2 1^)3 + l«J>i 1^)2 \klm) s ] 
12032 

+ 7 B 7 3 -y|[(7 fch )^ Mi IW2 l^')3 + (7 fc/J )«/3 lam)! |/3m> 2 \kli) 3 ] 
9728 

" sTI |aA;)l 1(31)2 m * + (y w K)l 1(31)2 m * ] 

37376 

+ ~^j= (7")^ [ l«0l 1^)2 1^)3 + M>1 l^')2 1^)3 

- Im), |/3Z> 2 l^')3 - laj'K |/30 2 1^)3 ]> (A. 15) 

1^1, n u > , n n >' (A ' 16) 

1*1)1 1*2)2 1*3)3^1*1)2 1*2)3 1*3)2 

14 



0(3)3s) = 


0(3) n) 


5 

|*l)ll*2> 2 |*3>3-+|*l> 3 |*2> 1 |*3)2 


(A.17) 


0(3) 23 ) = 


0(3) ? 2 ) 


l*l>ll*2> 2 l*3>3->|*l) 2 l*a>3l*3>l' 


(A. 18) 


0(3)31 ) = 


0(3)l2> 


*l)ll*2> 2 l*3>3->|*l) 3 |*2> 1 1*3)2 


(A.19) 
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